Hybrid Reynolds-averaged Navier-Stokes/large eddy simulation ͑RANS/LES͒ is expected to accurately predict wall-bounded turbulent flows at high Reynolds numbers. It is known that extra terms due to the noncommutivity between the hybrid filter and the spatial derivative appear in the hybrid-filtered equations. In this paper the filtered Navier-Stokes equation is investigated using direct numerical simulation data of turbulent channel flow. In particular, the transport equations for the resolved and modeled energies are evaluated to examine the contribution of the extra terms. The RANS and LES regions are located by setting the width of the hybrid filter varying from the grid spacing to the channel half width. In the first case the RANS region is located near the wall for wall modeling in LES. In the second case the RANS and LES regions are located upstream and downstream, respectively. The extra terms in the Navier-Stokes and continuity equations show fairly large values in the RANS/LES interface region in both cases. The extra terms for the convection and the turbulent diffusion represent the energy transfer from the modeled part to the resolved part. This energy transfer suggests that conventional hybrid simulations neglecting the extra terms may underpredict velocity fluctuations in the interface region, causing an insufficient momentum transport and velocity mismatch in channel flow. These results show that the effect of the extra terms should be taken into account in the filtered Navier-Stokes equation as well as in the turbulent-energy equation in hybrid simulations.
I. INTRODUCTION
Reynolds-averaged Navier-Stokes ͑RANS͒ equation models have been widely used for practical simulations of turbulent flows at high Reynolds numbers. 1 Although RANS models give good prediction for simple equilibrium flows such as the boundary layer over a plane, they cannot reproduce unsteady behavior of nonequilibrium flows accurately. As an alternative, large eddy simulation ͑LES͒ has been developed to successfully predict nonequilibrium flows. 2 The rapid development of computer has enabled the LES of practical engineering flows in relatively complex geometries. Nevertheless, it is still impossible to simulate wall-bounded flows at high Reynolds numbers with the no-slip boundary condition. This limitation is due to a large number of grid points that are required to resolve small vortex structures near the wall.
To simulate high-Reynolds-number wall-bounded flows more accurately, hybrid approaches have been proposed that combine LES with RANS. 3, 4 A RANS model is solved near the wall with the no-slip boundary condition whereas LES is carried out away from the wall. Detached eddy simulation ͑DES͒ proposed by Spalart et al. 5 is one of hybrid simulations for massively separated flows. In DES the SpalartAllmaras RANS model 6 is extended to a LES model; the simulation is switched between RANS and LES by comparing the distance from the wall with the grid spacing. To improve the original DES, Spalart et al. 7 proposed the delayed DES to solve the boundary layer by RANS for any type of grid. Shur et al. 8 applied the delayed DES to wall modeling in LES. In addition to DES several hybrid simulations were proposed. When the Smagorinsky model is used in the LES region, it is natural to adopt a zero-equation RANS model such as Cebeci-Smith and Baldwin-Lomax models for aerodynamic flows. 9, 10 For more general flows, one-equation and two-equation RANS models need to be adopted such as k − l, k − , and k − models. [11] [12] [13] [14] [15] [16] There are several important issues in developing hybrid methods; one of them is the problem of log-layer mismatch. Nikitin et al. 17 reported that in the DES of channel flow, the log layers in the RANS and LES regions are not lined up and an unphysical buffer layer appears near the RANS/LES interface. It is understood that the buffer layer is caused by an insufficient momentum transport in the RANS/LES transition region. Owing to the log-layer mismatch the skinfriction coefficient was underpredicted by approximately 15% in most cases. Using a similar method Radhakrishnan et al. 18 carried out wall-modeled LES of nonequilibrium flows such as the flow past a bump and examined the RANS/ LES interface dynamics. A similar underprediction of the skin-friction coefficient was found in the equilibrium upstream region whereas the performance was improved in the nonequilibrium region after the separation. The log-layer mismatch was also reported in other hybrid simulations. In a hybrid simulation using the k − model, 11 the mean velocity profile showed a kink at the interface. In another hybrid simulation using the k − model, 19 a similar mismatch is a͒ Electronic mail: hamba@iis.u-tokyo.ac.jp.
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seen in the mean velocity profile although the positions of the RANS and LES regions are reversed compared to DES. Therefore, the log-layer mismatch is a problem commonly seen in hybrid simulations.
To eliminate the log-layer mismatch, Piomelli et al. 20 applied a stochastic back-scatter model to the DES of channel flow. They showed that the model is effective in improving the prediction of the mean velocity profile. Using the mixing-length and k − models for RANS, Hamba 12, 21 carried out hybrid simulations of channel flow and introduced additional filtering at the interface to reduce the log-layer mismatch. Although the two methods were shown to be effective, the amplitude of the stochastic forcing and the width of the additional filtering need to be determined empirically. Recently, Keating and Piomelli 22 proposed a dynamic method to determine the forcing amplitude by considering the difference between the resolved and modeled shear stresses in the transition layer. Although the shift in the log layer was removed, the amplitude of the stochastic forcing is very large; it is not yet clear whether such a stochastic forcing is justified physically. As other approaches, Davidson and Dahlström 23 proposed to add turbulent fluctuations, obtained from the direct numerical simulation ͑DNS͒, to the momentum equation. Temmerman et al. 24 found that by feeding the instantaneous value of the eddy-viscosity coefficient at the interface, the anomaly of the mean velocity profile diminished. Larsson et al. 25 used an additional forcing to examine the behavior of the artificial buffer layer and proposed a lowdimensional forcing model.
In order to justify the proposed methods and improve hybrid approaches, it is necessary to theoretically investigate the method of combining RANS and LES. It is also useful to analyze the filtered equations using numerical data of turbulent flows. Introducing a hybrid RANS/LES filter that additively combines the RANS and LES velocity fields, Germano 26 theoretically formulated the filtered velocity equations. He showed that several extra terms appear in the Navier-Stokes and continuity equations because of the noncommutivity between the hybrid filter and the spatial derivative. Performing separated RANS and LES of channel flow, Rajamani and Kim 27 conducted a priori tests for Germano's hybrid filter. They evaluated the filtered equations including the extra terms to gain insight into the hybrid approach. They pointed out that stochastic forcing introduced by Piomelli et al. 20 can account for the missing contributions of the extra terms. Instead of the additive filter, Hamba 28 used a hybrid filter based on spatial filtering to discuss the hybrid approach. This hybrid filter also leads to extra terms due to the noncommutivity in the filtered velocity equations. It was shown that the additional filtering proposed previously 12, 21 can be considered a finite-difference approximation to the extra terms. In order to justify the method of additional filtering, it is important to examine whether the extra terms are actually significant in the filtered velocity equations using numerical data of turbulent flows.
In addition to wall modeling in LES, the hybrid RANS/ LES can be used for other purposes. In the case of wall modeling, the simulation is switched between RANS and LES in the wall-normal direction; the mean flow is parallel to the RANS/LES interface plane. However, in general threedimensional turbulent flows the mean flow can go across the interface. Therefore, it is also interesting and practically important to switch between RANS and LES in the streamwise direction in contrast to the wall-modeling case. Batten et al. 29 calculated a channel flow by solving a RANS model in the upstream region and carrying out LES in the downstream region. They used a limited-numerical-scales approach to automatically convert the statistical kinetic energy in the RANS region to the grid-scale velocity fluctuations in the LES region. This type of hybrid simulation can be considered a method of generating the turbulent field at the inflow boundary of LES. In the simulation of a gas turbine engine, Schlüter et al. 30, 31 used a RANS flow solver for the compressor sections, a LES flow solver for the combustor, and again a RANS flow solver for the turbine section. They investigated the method of coupling the flow field of the RANS and LES solvers using overlapping computational domains. It is possible that extra terms significantly contribute in the filtered velocity equations in such cases and play an important role in generating and coupling turbulent fields.
In this work we evaluate the extra terms due to the noncommutivity using DNS data of turbulent channel flow to examine how the terms contribute in the filtered velocity equations. We also pay attention to the role of the extra terms in the turbulent-energy equation. Setting two different profiles of the filter width, we analyze not only the case of wall modeling in LES but also the case of the generation of unsteady fluctuations in the downstream direction. This paper is organized as follows. In Sec. II, introducing a hybrid filter based on spatial filtering we describe the filtered velocity equations. We also derive the transport equations for the resolved and modeled energies. In Sec. III, we evaluate the main terms in the velocity and turbulent-energy equations using DNS data of turbulent channel flow. We discuss the physical meaning of the extra terms in the energy transport equation. Concluding remarks are given in Sec. IV.
II. FILTERED EQUATIONS FOR HYBRID SIMULATION
In this section we describe the filtered velocity equations. We focus on extra terms due to the noncommutivity between the hybrid filter and the spatial derivative. Similar terms have already been examined in conventional LES. 32, 33 In LES they are considered commutation errors due to a nonuniform grid and are neglected in usual simulations. In contrast, in this work we treat extra terms that appear owing to the filter-width variation independent of a grid. We investigate the physical meaning and contribution of the extra terms in the filtered Navier-Stokes equation as well as in the turbulent-energy equation.
A. Extra terms due to noncommutivity
Germano 26 proposed a hybrid RANS/LES filter defined as
function of the local position and can be chosen arbitrarily. The hybrid filter represents LES for k = 1 and RANS for k = 0. Applying the hybrid filter he derived the filtered Navier-Stokes and continuity equations. For example, the velocity gradient appearing in the filtered equations is written as
The second term on the right-hand side is an extra term due to the noncommutivity between the hybrid filter and the spatial derivative. Several extra terms appear in the filtered Navier-Stokes and continuity equations. Rajamani and Kim 27 evaluated the extra terms using the results of RANS and LES of turbulent channel flow. They showed that the terms cannot be neglected in the RANS/LES interface region.
The additive filter given by Eq. ͑1͒ is natural and simple. However, it is not clear whether this hybrid filter is appropriate for wall modeling in LES at high Reynolds numbers. The reason is described as follows. Hybrid RANS/LES method is used for simulations in which the grid near the wall is too coarse to capture small vortex structures by LES. Owing to the additive definition, the filtered velocity ū i for k Ͼ 0 always contains the LES velocity kū i LES whose length scale is shorter than the grid spacing near the wall. Therefore, it is possible that the filtered velocity is not calculated accurately in the coarse grid.
In the present work, instead of the additive filter we adopt spatial filtering defined as
where G is the filter function. The filtering operator is the same as that for conventional LES, but the filter width ⌬ may vary as a function of the local position independent of the grid spacing. When the filter width ⌬ is as small as the grid spacing and can capture turbulent eddies, the hybrid filter represents LES. When ⌬ increases to infinity, the hybrid filter corresponds to RANS.
Strictly speaking, the hybrid filter with ⌬ → ϱ can be considered RANS if the spatial integral is taken in statistically homogeneous directions. In Sec. III we use twodimensional filtering in the streamwise and spanwise directions of channel flow. In general, there is no homogeneous direction in complicated flows. In such cases we need temporal filtering instead of spatial filtering. 34 Spatial filtering is adopted here because it is convenient for the analysis of DNS data of turbulent channel flow. An analysis using temporal filtering is also interesting and remains as future work.
In a manner similar to the case of Germano's hybrid filter, extra terms appear due to the noncommutivity between the hybrid filter and the spatial derivative as follows:
where
The second term on the right-hand side of Eq. ͑4͒ is the extra term for a physical quantity f. For conventional LES where the grid spacing changes smoothly, the extra term is considered to be negligibly small. In contrast, for hybrid simulations it may not be negligible in the RANS/LES interface region where the filter width varies rapidly.
The filtered velocity equations contain two types of spatial derivatives and corresponding extra terms. One is the divergence of a flux in the transport equation,
where q i is the flux of f and the summation convention for repeated indices is adopted. Roughly speaking, q i represents the flux of f passing through a cross section of ⌬ 2 . Since the filter width varies with the local position, the time evolution of f cannot be expressed in terms of a simple divergence form. The other is the gradient diffusion representation to model the flux
where is the diffusivity for f. In this work we pay attention to the first type of derivative in order to make an analysis simple; the second type of derivative is treated as it is in the form of ‫ץ‬f / ‫ץ‬x i .
B. Continuity and Navier-Stokes equations
The filtered continuity equation is given by
The velocity ū i represents the mass flux and an extra term appears on the left-hand side of Eq. ͑8͒. The extra term means that the filtered velocity ū i is no more solenoidal in the region where ‫⌬ץ‬ / ‫ץ‬x i 0. On the other hand, the filtered Navier-Stokes equation can be written as
where ij = u i u j − ū i ū j is the subfilter scale stress, p is the pressure divided by the density, and is the kinetic viscosity. Three extra terms appear on the right-hand side of Eq. ͑9͒: those for the convection term, the pressure-gradient term, and the viscous diffusion term. As mentioned in Sec. II A we do not treat extra terms for the gradient diffusion representation; the viscous stress is expressed in the form ͑‫ץ‬u i / ‫ץ‬x j + ‫ץ‬u j / ‫ץ‬x i ͒ in Eq. ͑9͒. Therefore, the second-order derivative of ⌬ does not appear in this equation. Nevertheless, the filtered equation shows a complicated form compared to the original Navier-Stokes equation.
The filtered equations do not describe the local conservation of the mass and momentum because of the difference in ⌬. However, the mass and momentum are conserved in a global sense as follows. In general, the value of the filtered quantity f is not equal to that of the original quantity f. When the Reynolds average is taken, these quantities become equal to each other, ͗f͘ = ͗f͘. Since ͗f͘ does not depend on ⌬, we have
This equation indicates that the average ͗·͘ and the spatial derivative are commutative; extra terms do not appear in the equations for the Reynolds-averaged quantities. In fact, the Reynolds-averaged continuity and Navier-Stokes equations can be written as
and
respectively, where extra terms disappear due to the relationship ͑11͒. Therefore, in hybrid simulations the mass and momentum are not conserved locally, but they are conserved globally when averaged. The condition ͗f͘ = ͗f͘ was used to derive Eq. ͑11͒. In the present work this condition holds for the filtering given by Eq. ͑3͒. In general cases, a spatial filtering that satisfies this condition needs to be adopted for the conservation of the mass and momentum in a global sense.
C. Turbulent-energy equation
Not only the mean velocity equation but also the turbulent-energy equation is important for better understanding of the mechanism of turbulent flows. The kinetic energy is divided into the filter and subfilter scales as
The filtered velocity can further be divided into two parts: the Reynolds average and the fluctuation
where ·Ј denotes the deviation from the Reynolds average. The kinetic energy then consists of three parts,
The first term on the right-hand side is the kinetic energy of the mean velocity, the second term is that of the fluctuating filtered velocity, and the third term is that of the subfilter scale velocity. The second and third terms are often called the resolved and modeled energies, respectively. Note that we do not discuss modeling the third term in this paper; the subfilter scale energy is just referred to as the modeled energy.
The transport equation for the resolved energy is given by ‫ץ‬ ‫ץ‬t 1 2
where the energy dissipation rate R and the energy flux T Rj are defined as
respectively ͑see Appendix A for details.͒ The left-hand side of Eq. ͑17͒ consists of the time derivative term, the convection term, and its extra term, whereas the right-hand side consists of the production term, the dissipation term, the diffusion term, and its extra term. In contrast to the mean velocity equation given by Eq. ͑13͒, extra terms in the resolved energy equation do not disappear when averaged. On the other hand, the transport equation for the modeled energy can be written as ‫ץ‬ ‫ץ‬t
Here the energy dissipation rate M and the energy flux T Mj are given by 
The meaning of terms appearing in Eq. ͑20͒ is similar to those in the resolved energy equation ͑17͒. We should note that extra terms for the convection and diffusion terms appear in both the resolved and modeled energy equations. After some calculation we can obtain the following relationship:
͑see Appendix A for details͒. This equation represents the energy transfer between the resolved and modeled parts due to the change in the filter width. The mechanism of the energy transfer can be roughly understood by considering the energy spectrum E͑k͒. At a position where ⌬ = ⌬ 1 , the lowwavenumber part E͑k͒ ͑k Յ / ⌬ 1 ͒ corresponds to the resolved energy whereas the high-wavenumber part E͑k͒ ͑k Ͼ / ⌬ 1 ͒ corresponds to the modeled energy; the cut-off wavenumber between the resolved and modeled energies is k = / ⌬ 1 . At another position where ⌬ = ⌬ 2 ͑Ͻ⌬ 1 ͒ the cut-off wavenumber increases to k = / ⌬ 2 because ⌬ decreases. When the fluid is transferred from the first position to the second position owing to the convection or diffusion effect, the wavenumber part E͑k͒͑ / ⌬ 1 Ͻ k Յ / ⌬ 2 ͒ included in the modeled energy at the first position is then allocated to the resolved energy at the second position. This accounts for the virtual energy transfer from the modeled part to the resolved part due to the spatial variation of ⌬. The direction of the transfer is reversed when ⌬ 2 Ͼ⌬ 1 .
III. ESTIMATE OF FILTERED EQUATIONS USING CHANNEL FLOW DNS
In order to see whether the extra terms described in Sec. II are significant or not in actual turbulent flows, we examine the DNS data of turbulent channel flow. The DNS was carried out as follows. The size of the computational domain is L x ϫ L y ϫ L z =2 ϫ 2 ϫ , where x, y, and z denote the streamwise, wall-normal, and spanwise directions, respectively. The number of grid points is N x ϫ N y ϫ N z = 512 ϫ 192ϫ 512. The grid interval is h x = 0.0123 and h z = 0.006 14 for the streamwise and spanwise directions, respectively, whereas it varies from h y = 0.001 27 to 0.0229 for the wall-normal direction. The Reynolds number based on the friction velocity u and the channel half width L y / 2 is set to Re = 395. Hereafter, physical quantities are nondimensionalized by u and L y / 2. The periodic boundary conditions are used in the streamwise and spanwise directions whereas the no-slip conditions are imposed at the wall at y = Ϯ 1. The Navier-Stokes and continuity equations for an incompressible fluid are discretized using the second-order finitedifference scheme on a staggered mesh. The time integration is made using the Crank-Nicolson method for the wallnormal diffusion terms and the Adams-Bashforth method for the other terms. The computation was run for a sufficient length of time to be statistically independent of the initial conditions; then statistics such as the mean velocity were accumulated over a time period of 20 normalized by ͑L y / 2͒ / u .
Since the velocity field u i is statistically homogeneous in the streamwise and spanwise directions, we introduce the following two-dimensional filtering:
͑27͒
The filter width ⌬ is a function of the local position; its profile is determined considering the location of the RANS and LES regions. To evaluate statistical quantities appearing in the filtered velocity equations, we apply the above filter and take the Reynolds average ͗ · ͘. In this work, as the Reynolds average we adopt an average over the x-z plane and in time.
A. Wall modeling in LES
The RANS and LES regions can be located in different ways depending on the purpose of hybrid simulation. In this subsection we investigate the case of wall modeling in LES of high-Reynolds-number flows; that is, a RANS model is solved near the wall whereas LES is carried out away from the wall. In the turbulent channel flow the filter width ⌬ becomes a function of the wall-normal coordinate y. We examine the statistical quantities in the half of the channel at −1 Յ y Յ 0 where the wall and the channel center are located at y = −1 and y = 0, respectively. We set the following value of the filter width:
where Here we introduce the ratio R K of the modeled energy to the sum of the resolved and modeled energies,
The ratio R K is of the order of 0.1 when ⌬ is nearly equal to the grid spacing of LES, whereas it tends to unity when ⌬ increases to infinity for RANS. The ratio depends not only on ⌬ but also on y. The solid lines in Fig. 1 show the profiles of ⌬ needed for typical values of R K as functions of y. For a value of R K , the filter width ⌬ increases as y increases. The value of ⌬ in Eq. ͑28͒ was determined so that R K is greater than 0.9 in the RANS region, whereas R K is about 0.1 in the LES region. First, we evaluate the turbulent statistics of the filtered velocity. Figure 2͑a͒ shows the profiles of the turbulent kinetic energy: the resolved part ͗ū i Ј 2 ͘ / 2, the modeled part ͗ ii ͘ / 2, and their total value. As expected, the resolved energy dominates in the RANS region at −1 Յ y Յ −0.75 and the modeled energy takes over in the LES region at −0.5 Յ y Յ 0. Both energies rapidly change in the RANS/LES interface region at −0.75Ͻ y Ͻ −0.5. Figure 2͑b͒ shows the profiles of the turbulent shear stress: the resolved part ͗ū x Јū y Ј͘, the modeled part ͗ xy ͘, and their total value. The magnitude of each part of the shear stress shows a tendency similar to the corresponding part of the kinetic energy. Next, we examine the Navier-Stokes equation representing the momentum transport. The mean velocity equation given by Eq. ͑13͒ can be written as
for the channel flow. The right-hand side consists of four terms: the resolved stress term, the modeled stress term, the viscous diffusion term, and the constant pressure-gradient term, which is equal to unity. As already mentioned, there is no extra term in the mean velocity equation. Figure 3͑a͒ shows the profiles of the first three terms on the right-hand side and their total value. In the RANS region, the modeled stress and viscous terms show very large magnitude. At y Ӎ −0.8 the viscous term decreases to a small value whereas the modeled term remains finite. In the RANS/LES interface region, the resolved and modeled stress terms show large magnitude because ͗ū x Јū y Ј͘ and ͗ xy ͘ rapidly change in this region, as shown in Fig. 2͑b͒ . In the LES region the resolved stress term remains finite. In the whole region the total of the three terms is nearly equal to Ϫ1; this value balances with the constant pressure-gradient term. The balance indicates that a statistically steady state is achieved in this calculation. Extra terms do not appear in the mean velocity equation; the mean momentum balance can be described using the four terms on the right-hand side of Eq. ͑30͒. However, this fact does not mean that extra terms are insignificant; although the average of extra terms vanishes, their fluctuations may have values as large as those of the four terms. In fact, for Germano's hybrid filter the ratio of the extra terms to the right-hand side of the filtered Navier-Stokes equation is nearly 33% at the RANS/LES interface region. 27 In the present work, we focus on four typical terms in the transport equation for ū x , 
ͪ,
where the third term is the extra term for the turbulent stress u x u y ͑=ū x ū y + xy ͒. Figure 3͑b͒ shows the profiles of the rms values of the four terms given by Eq. ͑31͒. Here the rms of a quantity f is defined as ͱ͗f Ј 2 ͘. In the LES region the rms of the resolved stress term dominates. In the RANS region it is still the largest term except for the region very close to the wall. However, in the RANS/LES interface region the rms of the extra term shows a nonzero value, which is as large as the rms of the resolved stress term; both two terms are important in the transport equation for ū x .
To examine the extra term in more detail we plot its contour on the x-z plane. Figure 4 shows the contour plots of the shear stress term, its extra term, and the total value given by
respectively, on the x-z plane ͑0 Յ x Յ L x / 2 and 0 Յ z Յ L z / 2͒ at y = −0.62. Solid curves denote positive values whereas dashed lines denote negative values. The contour of the shear stress term in Fig. 4͑a͒ and that of the extra term in Fig. 4͑b͒ show similar intensity and structure although their signs are opposite. Since the two terms nearly cancel out each other, the intensity of the total value is fairly small, as shown in Fig. 4͑c͒ . The large intensity of the extra term suggests that the extra term cannot be neglected in the interface region in considering the momentum transport locally.
We then examine an extra term in the continuity equation. Each term in the continuity equation given by Eq. ͑8͒ vanishes when averaged. Figure 5 shows the profiles of the rms values of the following four terms in the continuity equation:
where the third term is the extra term. In the RANS and LES regions the extra term vanishes because ‫⌬ץ‬ / ‫ץ‬y = 0; the values of the remaining three terms are nearly equal to each other. In the interface region the rms of the extra term is as large as that of the three terms. Therefore, the filtered velocity field is no more solenoidal in the interface region. Rajamani and Kim 27 also showed nonsolenoidal velocity field for Germano's hybrid filter.
To better understand the meaning of the extra terms we investigate the energy transport equation. As discussed in Sec. II C, the extra terms represent the energy transfer between the resolved and modeled parts. The transport equation for the resolved energy given by Eq. ͑17͒ can be written as 
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for the channel flow. Since ͗ū y ͘ = 0, there is no convection term on the left-hand side; an extra term for the turbulent diffusion term appears on the right-hand side. Figure 6͑a͒ shows the profiles of the four terms on the right-hand side of Eq. ͑34͒. In the LES region the production and diffusion terms are positive and the dissipation term is negative. The production and dissipation terms dominate except for the channel center where the diffusion is the main positive term.
In the RANS region the terms show small values. In the interface region the diffusion term becomes negative and the extra term is nonzero and positive; the absolute values of the two terms are nearly equal to each other. The extra term is nearly as large as the production term. Both terms play an important role in generating turbulent fluctuations in the interface region. The large contribution of the extra term suggests that the resolved energy in the interface region is underpredicted in usual hybrid simulations because the effect of the extra term is neglected. On the other hand, the transport equation for the modeled energy given by Eq. ͑20͒ can be written as ‫ץ‬ ‫ץ‬t 1 2
͑35͒
The term ͗ ii ū y ͘ is originally the convection term. Since ͗ū y ͘ = 0 the convection due to the mean velocity vanishes and ͗ ii ū y ͘ = ͗ ii Јū y Ј͘; this term is incorporated into the turbulent diffusion term here. Figure 6͑b͒ shows the profiles of the four terms on the right-hand side of Eq. ͑35͒. The magnitude of the production and dissipation terms in the RANS region is much greater than that in the LES region. In order to examine the behavior of the terms in the RANS/LES interface region in detail, the scale of the ordinate of Fig. 6͑b͒ is set equal to that of Fig. 6͑a͒ . The extra term in the modeled energy equation in Fig. 6͑b͒ is negative and its magnitude is the same as that of the extra term in the resolved energy equation in Fig. 6͑a͒ . This is because of the relationship given by Eq. ͑25͒ which can be written as ‫⌬ץ‬ ‫ץ‬y
for the channel flow. Figure 6 clearly indicates that the energy is transferred from the modeled part to the resolved part in the RANS/LES interface region.
To explain the physical meaning of the extra terms, let us consider the energy balance in the RANS/LES interface region due to the turbulent-energy flux. The curves in Figs. 7͑a͒-7͑c͒ show the profiles of the turbulent kinetic energy ͗u i Ј 2 ͘ / 2, its resolved part ͗ū i Ј 2 ͘ / 2, and its modeled part ͗ ii ͘ / 2, respectively. Since the turbulent energy has a peak at y Ӎ −0.95 and decreases as y increases in Fig. 7͑a͒ , the turbulent-energy flux ͗u i Ј 2 u y Ј͘ / 2 is positive and the energy flows toward the channel center. The two arrows in Fig. 7͑a͒ represent the incoming energy flux from the near-wall region and the outgoing energy flux toward the center region. Since the incoming and outgoing fluxes nearly balance out each other, the turbulent diffusion term in the kinetic energy equation in the interface region is negligibly small compared to the production and dissipation terms.
On the other hand, the resolved energy in the RANS region in Fig. 7͑b͒ is much smaller than the turbulent energy in the same region in Fig. 7͑a͒ . The resulting energy flux such as ͗ū i Ј 2 ū y Ј͘ / 2 becomes very small in the RANS region; the incoming flux decreases whereas the outgoing flux remains nearly unchanged in Fig. 7͑b͒ . This imbalance causes the negative value of the turbulent diffusion term in the resolved energy equation, as shown in Fig. 6͑a͒ . The decreased incoming flux is compensated for by the energy transfer from the modeled energy described by the extra terms; the energy conservation is then satisfied. Similarly, the modeled energy in the LES region in Fig.  7͑c͒ is much smaller than the turbulent energy in the same region in Fig. 7͑a͒ . The resulting energy flux ͗͑u i , u i , u y ͒͘ / 2 becomes very small in the LES region; the outgoing flux decreases whereas the incoming flux remains nearly unchanged in Fig. 7͑c͒ . In this case, the imbalance causes the positive value of the turbulent diffusion term in the modeled energy equation, as shown in Fig. 6͑b͒ . The decreased outgoing flux is compensated for by the energy transfer to the resolved energy described by the extra terms; the energy conservation is satisfied again.
The results obtained so far suggest that the effect of the extra terms should be taken into account in the filtered Navier-Stokes and continuity equations in the hybrid RANS/ LES. One way to take it into account is random forcing in the filtered Navier-Stokes equation as was done by Piomelli et al. 20 Appropriate random forcing can generate the resolved velocity fluctuations. Another way is an approximation to the extra terms in a straightforward manner. Hamba 28 showed that the additional filtering proposed previously 12, 21 can be considered a finite-difference approximation to the extra terms.
Here, let us mention the method of random forcing proposed by Piomelli et al. 20 in some detail. They added a forcing term f i to the momentum equation. The forcing was obtained from a series of Gaussian random numbers and its amplitude envelope was given by
where = 30 is chosen and the value of A 0 is determined empirically. Keating and Piomelli 22 improved the method by considering the difference between the resolved and modeled shear stresses integrated over the transition region,
They used a simple proportional controller to adjust the amplitude A as
where ␣ is a parameter that sets the controller's sensitivity to the error ⑀. In both methods the condition ͗f i ͘ = 0 is satisfied because of zero-mean random numbers. This condition is necessary so that the mass and conservation are conserved globally. The energy input can be evaluated as ͗ū i f i ͘, which must play a similar role to the extra terms in the resolved energy equation in the present work. Using Germano's hybrid filter Rajamani and Kim 27 carried out a hybrid simulation of channel flow. Using a suitable blending function and an appropriate grid resolution they obtained good velocity profiles. Their results also suggest the importance of the extra terms discussed in our work. We expect that treating the extra terms appropriately in hybrid simulations we can restore a sufficient momentum transport and predict good mean velocity profile without log-layer mismatch. The energy transfer between the resolved and modeled parts should also be incorporated in the modeled energy equation if it is used as the turbulence model.
B. Switching between RANS and LES in the streamwise direction
In addition to wall modeling in LES discussed in Sec. III A, it is very interesting and practically important to switch the simulation between RANS and LES in the streamwise direction. When the LES region is located upstream and the RANS region is located downstream, the resolved energy decreases as the mean flow goes downstream. A way of decreasing the resolved energy is to increase the filter width or the grid spacing in the downstream direction. Schlüter et al. 31 proposed a method based on a virtual body force in the overlapping domain between the LES and RANS regions. In contrary, when the RANS region is located upstream and the LES region is located downstream, the resolved energy needs to be produced and increased. The production of the resolved energy is not trivial and needs to be investigated further. For example, Batten et al. 29 used a limited-numerical-scales approach to generate the resolved velocity fluctuations in the downstream LES region. In this work we analyze the latter case by setting the value of the filter width as a function of the streamwise coordinate x as follows:
where ⌬ RANS = 1.1, ⌬ LES =4 ͱ ͑h x 2 + h z 2 ͒ / 2 = 0.0388, x RANS = 0.104, and x LES = 1.11. The profile of ⌬͑x͒ is plotted in Fig.  8 . The RANS region is located at 0 Յ x Յ x RANS ; the filter width ⌬ RANS is so large that the ratio R K is greater than 0.9. The LES region is located at x LES Յ x Յ 1.23; ⌬ LES is about four times the grid spacing of the DNS and R K is nearly 0.1. The length of the RANS/LES interface region at x RANS Ͻ x Ͻ x LES is set to be nearly equal to the channel half width. Since the turbulent field in the channel flow is statistically homogeneous in the streamwise direction, the value of turbulent statistics is constant in x in the RANS and LES regions where ⌬ is fixed. However, the value varies with x in the interface region because ⌬ varies. We should note that the LES region was originally located at x LES Յ x Յ 2. To clearly show the behavior in the interface region, we omitted the region at 1.23Ͻ x Յ 2 because the value of statistics is constant there. Figure 9 shows the profiles of the turbulent kinetic energy: the resolved part ͗ū i Ј 2 ͘ / 2, the modeled part ͗ ii ͘ / 2, and their total energy at y = −0.95 as functions of x. As expected, the modeled energy dominates in the RANS region at 0 Յ x Յ 0.104, the resolved energy gradually increases in the interface region at 0.104Ͻ x Ͻ 1.11, and it takes over in the LES region at 1.11Յ x Յ 1.23.
To better understand the mechanism of the generation of the turbulent fluctuations, we examine the turbulent-energy equation. The transport equation for the resolved energy given by Eq. ͑17͒ can be written as ‫ץ‬ ‫ץ‬t 1 2
Here the detailed expression for the diffusion term D R is omitted. The right-hand side of Eq. ͑41͒ consists of the convection term, its extra term, the production term, the dissipation term, and the diffusion term. In contrast to the case in Sec. III A, the convection term does not vanish because ͗ū x ͘ 0. Figure 10͑a͒ shows the profiles of the first four terms on the right-hand side of Eq. ͑41͒ at y = −0.95 as functions of x. The diffusion term is negligibly small compared to the other terms ͑not shown͒. In the LES region at 1.11Յ x Յ 1.23 the production and dissipation are main terms. However, in the interface region at 0.104Ͻ x Ͻ 1.11 the convection term and its extra term show very large magnitude. The negative value of the convection term corresponds to the increase of the resolved energy in the streamwise direction, as shown in Fig. 9 . The extra term is positive and its magnitude is nearly equal to that of the convection term.
On the other hand, the transport equation for the modeled energy given by Eq. ͑20͒ can be written as ‫ץ‬ ‫ץ‬t
Here the detailed expression for the diffusion term D M is omitted. Figure 10͑b͒ shows the profiles of the first four terms on the right-hand side of Eq. ͑42͒ at y = −0.95 as functions of x. In the RANS region at 0 Յ x Յ 0.104 and in the upstream part of the interface region at 0.104Ͻ x Ͻ 0.8 the production and dissipation are main terms. However, in the downstream part of the interface region at 0.8Ͻ x Ͻ 1.11, the convection term and its extra term dominate in the equation. The positive value of the convection term corresponds to the decrease of the modeled energy in the streamwise direction, as shown in Fig. 9 . The extra term is negative and its magnitude is nearly equal to that of the convection term. Therefore, the extra term represents the energy transfer from the modeled part to the resolved part. The maximum value of the extra term for the convection is about three times that of the production term. The value of the extra term can be larger if the length of the interface region, x LES − x RANS , is set shorter. In the case of wall modeling in LES in Sec. III A, there is no mean velocity ͗ū y ͘ in the y direction; only the turbulent diffusion toward the channel center causes the energy transfer due to the extra term. On the other hand, in the present case the convection term due to the large mean velocity ͗ū x ͘ greatly contributes to the energy transfer. Batten et al. 29 calculated a turbulent channel flow by solving a RANS model in the upstream region and carrying out LES in the downstream region. They used a limitednumerical-scales approach to automatically convert the statistical kinetic energy in the RANS region to the grid-scale velocity fluctuations in the LES region. They introduced a latency parameter ␣ by comparing the LES and RANS length scales; it is set to ␣ = 1 for RANS and ␣ Ͻ 1 for LES. They assumed that the eddy viscosity is scaled with ␣; the variation of the eddy viscosity in the streamwise direction leads to the generation of the grid-scale velocity fluctuations. Since they do not treat the extra term, the generation corresponds to the imbalance between the production and dissipation terms in the resolved energy equation ͑41͒. However, our analysis suggests that the kinetic energy varies in the streamwise direction not because of the imbalance between the production and dissipation terms but because of the effect of the extra term. At present it is not known how the effect of the extra term can be taken into account in actual hybrid simulations to generate the velocity fluctuations in the downstream LES region. Nevertheless, we believe that our analysis gives a clue to the development of a method of generating appropriate velocity fluctuations.
IV. CONCLUSIONS
It is known that extra terms due to the noncommutivity between the hybrid filter and the spatial derivative appear in the filtered equations for the hybrid RANS/LES. The filtered velocity equations were investigated using the DNS data of turbulent channel flow to better understand the physical meaning and contribution of the extra terms. First, statistical quantities were obtained for the case of wall modeling in LES; the filter width was set so that the RANS region is located near the wall and the LES region is located away from the wall. The extra terms in the Navier-Stokes and continuity equations show fairly large values and cannot be neglected in the RANS/LES interface region. The transport equations for the resolved and modeled energies were also examined. The extra terms for the turbulent diffusion are as large as the production and dissipation terms in the interface region; the extra terms represent the energy transfer from the modeled part to the resolved part. This transfer suggests that conventional hybrid simulations neglecting the extra terms may underpredict the turbulent fluctuations in the interface region, causing an insufficient momentum transport and loglayer mismatch in channel flow. Next, statistical quantities were obtained for the case in which the RANS region is located upstream whereas the LES region is located downstream. In the RANS/LES interface region the magnitude of the extra term is as large as that of the convection term; it also represents the energy transfer from the modeled part to the resolved part. The extra term shows a larger value than that in the first case owing to the convection by the mean velocity. The results of the two cases suggest that the extra terms in the Navier-Stokes and continuity equations should be taken into account in hybrid simulations. The energy transfer between the resolved and modeled parts should also be incorporated in the kinetic energy equation if it is used as the turbulence model. In future work a method of generating the filtered velocity fluctuations should be developed such as random forcing and additional filtering. Another important problem is how to model the subgrid-scale stress which is also affected by the variation of the filter width. We expect that the present analysis is helpful for assessing such a method and improving hybrid simulations.
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APPENDIX A: TRANSPORT EQUATIONS FOR RESOLVED AND MODELED ENERGIES
The transport equation for the resolved energy given by Eq. ͑17͒ is derived as follows. Multiplying Eq. ͑9͒ by ū i , we have 
APPENDIX B: AVERAGING THE STATISTICS INHOMOGENEOUS IN THE STREAMWISE DIRECTION
In Sec. III B we evaluated statistics such as ͗ū i ū j ͘ in the following manner. Since the filter width ⌬ depends on x, the filtered velocity ū i ͓x , y , z , t , ⌬͑x͔͒ is not statistically homogeneous in the x direction although the unfiltered velocity u i ͑x , y , z , t͒ is homogeneous. In this case, as the Reynolds average we can take an integral over z and t,
͵͵ dzdtū i ͓x,y,z,t,⌬͑x͔͒ū j ͓x,y,z,t,⌬͑x͔͒,
͑B1͒
where T is the time period for averaging. In contrast to the case of wall modeling in Sec. III A, we cannot integrate it in the x direction. However, the number of samples is not large enough for good statistics to be obtained. We then pay attention to the homogeneity of the unfiltered velocity u i ͑x , y , z , t͒; we can see that the following relationship holds:
͗ū i ͓x + xЉ,y,z,t,⌬͑x͔͒ū j ͓x + xЉ,y,z,t,⌬͑x͔͒͘ z,t = ͗ū i ͓x,y,z,t,⌬͑x͔͒ū j ͓x,y,z,t,⌬͑x͔͒͘ z,t , ͑B2͒
where the correlation is homogeneous with respect to xЉ. Therefore, we can take an integral over xЉ to obtain the Reynolds average as follows: 
